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ON STICKELBERGER ELEMENTS FOR Q(Cp"+i)+ AND 
p-ADIC L-FUNCTIONS 

TIMOTHY ALL 
For my parents 


Abstract. We give a survey of a couple known constructions of p- 
adic L-functions including Iwasawa’s construction from classical Stick- 
elberger elements. We then construct “real” Stickelberger elements, i.e., 
explicit elements in the Galois group ring with Zp coefficients that an¬ 
nihilate the Sylow p-subgroup of the ideal class group of Q(Cp”+i)''^- In 
analogy with Iwasawa’s work, we show that these elements are coherent 
in Zp-towers and give rise to twisted p-adic L-functions. 


1. Introduction 


Let X be a Dirichlet character. The L-function attached to x is defined 
on 3?(s) > 1 by 

n=l 

It would be an understatement to say that these functions play an important 
role in algebraic number theory. To illustrate what we mean, let k be an 
abelian number field with Galois group G^. We write = Homz(G'p,C). 
By the Kronecker-Weber theorem, k C Q(Cm) for some minimal positive 
integer m, so we may associate Gk with a certain subgroup of Dirichlet 
characters on i^jraTk)^. Let hk denote the class number of /c, R{K) the 
regulator oi k, wy the order of the group of roots of unity of k, and dy the 
discriminant of k. We have the following classical result: 


( 1 . 1 ) 


2^^{27rY^hkR{k) 

Wk-\/\(h\ 


n 

X&Gk 


where ri (resp. r 2 ) is the number of real places (resp. pairs of complex 
places) of k. The above formula is a first indication that the L-functions 
attached to characters in Gk encode fundamental algebraic properties of k. 

Of particular interest is the class number hk- This is because many Dio- 
phantine equations can be attacked by converting to an ideal equation in 
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the ring of integers of an appropriate number field. The classical example is 
the Fermat equation: let p be an odd prime (from here on out) and consider 
xP -\- yP = zP. Assuming a non-trivial solution exists, we obtain the ideal 
equation 

p-i 

]l(x + gcl,) = ur 

j=0 

in Z[Cp] where Cp = ^'^'^Ip. Under some additional assumptions, the ideals 
(x + yCp) can be shown to be co-prime, thus (x -|- for some ideal 

a C Z[Cp]- If P t then this implies that a = (a) is principal. On the other 
hand, a relation of the sort x -|- yCp = for a- rmit e is impossible. This 
type of approach can be applied to many Diophantine equations, and the 
quality of hfc mod p is often a feature of those arguments. 

In order to better understand the quality of /ifc mod p or, even better, 
/ifc modp”, it makes sense considering Equation (1.1) to search for a p-adic 
analogue of L{s,x)- In particular, we want a continuous function Lp{-,x) ■ 
Zp —)■ Cp such that 

(1.2) Lp{l - n, y) = (1 - x(p)p”"^)L(l - n, x)^ 

for every integer n > 0 satisfying n = 1 modp— 1. Such a function is 
necessarily unique. Moreover, if y is odd then Lp{s,x) is identically zero. 
This is because 

- 1^(1 -n,x) = -Bn,xln, 

for all integers n > 1 where the nre the generalized Bernoulli numbers. 
Specifically, the rational numbers dehned by the following formula; 


(1.3) 


^ X{a)te^^ _ D 

2 ^ efxt-l 

a=l n=0 


where is the conductor of y. But Bn,x = 0 in the event that n = 
1 mod p — 1 and x is odd. Since Lp{l — n, x) vanishes on a dense subset of 
Zp, it follows that Lp(s,x) is identically zero in this case. 

So it would seem p-adic L-functions are naturally suited to comment on 
totally real number fields. In fact, we have the following p-adic analogue of 
Equation (1.1). For a totally real abelian number field k of degree n over 
Q, we have 


(1.4) 


2^-^hkRp{k) 


n(i-^M)-T,(,u. 

XGG ^ 


where Rp{k) is the p-adic Regulator of k. The quantity Rp{k) is defined 
just as R{k) but with the Iwasawa p-adic logarithm replacing the usual 
logarithm. Note that the terms Rp{k) and y/d^ are only defined up to a 
sign, but Rp{k)/y/dk can be defined without ambiguity. It is known that 


^The “Euler factor” at p must be removed for issues relating to convergence. 
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Rp{k) is non-zero for abelian fields and conjectured to be non-zero for all 
number fields k, but a proof has yet to be found. 

Various constructions of p-adic L-functions have been given over the years, 
the first of which was offered by Leopoldt and Kubota [ 6 ]. Specifically, they 
show that the function 


lim 


S — 1 n-j-oo p^[f,p] 


x=l n=0 ^ ^ 

{x,p)=l 


where [f,p] is the least common multiple of / and p, in fact, satisfies Foot¬ 
note 1 . Iwasawa [4] famously constructed Lp{s,x) from the classical Stick- 
elberger elements in the theory of cyclotomic fields. As a result of his con¬ 
struction, he showed that there exists a power series F{T) G Zp(x)|T' — 1] 
such that K((l -|-p)^) = Lp{s,x) where Z,p(x) is the ring of integers of 
Qp(x(l), x(2), • • •)• This result is not only very deep by the nature of its 
construction, but it is also very useful. 

It is a theme of this article that constructions of p-adic L-functions, and 
other related objects, benefit from a certain measure theoretic point of view. 
For example, the Leopoldt-Kubota construction revolves around expressing 
Tp('S,x) as the F-transform of a measure arising from a certain rational 
function related to Equation (1.3). In §2, we outline the notation and setup 
to appreciate this measure theoretic viewpoint. 

In §3, we discuss Iwasawa’s construction using odd-parts of the classical 
Stickelberger elements. In §4, we discuss a new construction that mirrors 
that of Iwasawa but takes place in the “plus-part”. In particular, we con¬ 
struct real analogs of Stickelberger elements, i.e., explicit elements in a Ga¬ 
lois group ring with Zp-coefficients that annihilate the Sylow p-subgroup of 
the ideal class group of Q(Cpn+i)+. The Kummer-Vandiver conjecture states 
that p I h, + , so these elements are of particular interest. We then show that 
the even-parts of these new Stickelberger elements give rise to twisted p-adic 
L-functions. In §5, we summarize and compare results across the previous 
sections. Our main result is Theorem 5.6. 


2. Preliminaries 

Let 0 be the ring of integers of K, a finite extension of Qp. Let F be a 
group topologically isomorphic to Zp. We write F„ = F/F^", this gives us 
F = ^im r„ under the natural maps. Let 7 be a fixed topological generator 
for F, and write Xn for 7 mod F^". For any commutative ring R, we set 

i?|Fl :=^ii[F„], 

P|T — Ij := the power series ring with coefficients in R. 
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An i?-valued distribution on F is a collection of maps {^n ; —)■ i?} with 

the following property: 

t^nix) = tin+l{y)- 

y\-¥x 

We typically write ^{a + p^'Lp) in place of finiln)- Let -R(r) denote the ring 
(under convolution) of i?-valued distributions. For a continuous function 
/ ; Zp —)■ Cp and a distribution fi G Cp(F), we write 



p"-! 

lim ^ /(x)/i(x+p”Zp), 

n—>-oo ^ 

a :=0 


if it exists. The integral is guaranteed to exist if there exists an integer M 
such that \y{x + p"Zp)|p < M for all x and n. In this case, we say /x is 
bounded. We write F^{T) for the Fourier transform of fi: 

in 

If T G o|T — Ij, then there exists a distribution fip whose Fourier transform 
is F, specifically 


F, 


{T) = [ 


dfi{x) = 


n=0 


d/i(x) (T-I)-GCplr-ll. 


p"-l 

Ma+P^I^p) = - E Cp“»“"F(Cp".). 

^ x=0 

Finally, for fi G F(F), let 6^ denote the following element of i?[F„]: 


/p"-i 
V a=0 


The map R{T) —)■ ii|F] defined by ^ is an isomorphism of rings. Even 
better, when R = o, the following isomorphisms fit into a commutative 
diagram; 



olFl 9p Of 


In this setup, 7-1 G o[F] corresponds to the point-mass distribution centered 
at I. Accordingly, we have 7 “^ corresponds to T in o|r—1], so 7 corresponds 
to I/T G olT- 11. 

Alternatively, we have o|Fl ~ o|X| induced by the Iwasawa isomorphism 
o[F,,]^o|Al/(l-(l + A)P") 

7 n !--)■ 1 -|- A mod 1 — (1 -|- Xy . 

If fi is the 0 -valued distribution underlying G o|F|, we write /p(A) G o|A| 
to denote the corresponding power series under the Iwasawa isomorphism. 
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In this setup, 7 corresponds to 1 + X. Altogether, we have o|r] ~ o|A]] ~ 
o|T — 1] via 7 i-A 1 + X I— )■ T, so 

= aiid F,.(T) = (i - 1) . 

Any X G Zp can be written as a product of a p — 1-st root of unity 
u}{x) and an element (x) G 1 + pZp. We naturally think of w as a Dirichlet 
character of conductor p. For a distribution p G 0 (F), we dehne the Gamma 
transform of p, denoted G^(s), by 

G'm('S) = / 

Jzf 

As mentioned before, this measure-theoretic language facilitates the types 
of interpolation problems encountered when constructing Lp(s,x)- For ex¬ 
ample, let 0 be the ring of integers of a finite extension of Zp containing the 
values of the Dirichlet character y. Let c > 1 be an integer co-prime to p, 
and let Xc be the function dehned by 


Xc{a) 


X{a), c\a 

y(a)(l-c), c I a. 


Let F{T) be the rational function 

pfT-i ELiXo(a)T“ 


One can show that F{T) G o|T — 1] (by virtue of our definition for Xc), 
so let pf G o(F) be the corresponding distribution. By differentiating the 
defining formula for F, we see that for non-negative integers k 


f x^ (ipF{x) 

■J Wjp 

In particular, this gives us 



T=1 



dfc 


z=0 


L{-k,Xc)- 


The last equality in the above follows from the fact that the coefficient on 
z^/kl in the Laurent expansion of F{e^) at 2 : = 0 is equal to L{—k,Xc) 
where L(s, Xc) is the analytic continuation of the Dirichlet series defined for 
> 1 by 


L{s,Xc) 


Xcjn) 

2-^ 

n=l 


From the above expression, we get that 


L{-k, Xc) = (1 - x{c)c^^yL{-k, x). 
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The Gamma transform G^p (s) is an interpolation of the integrals of with 
respect to ij,f- Taking the limit over integers k such that A: —)• s (p-adically) 
and /c = 0 mod p — 1, we see that 


Whence 

( 2 . 1 ) 



[ {xY dprix). 


G,p{s) 

1 -X(c)(c)"+i 


Lp{-s,x)- 


The fact that the p-adic L-function is the Gamma transform of a rational 
function was a crucial ingredient in Sinnott’s proof [10] of the vanishing of 
the /i-invariant for the cyclotomic Zp-extension of an abelian number field. 


3. The Minus Side 


From Equation (2.1), one can deduce that there are elements G,H € 
0 [[T — 1] such that 

where k is a fixed generator for 1 + pZp. The fact that this is true was 
originally proven by Iwasawa [4], though he proves even more. In particular, 
if y (resp. V’) is a tame (resp. wild) character, then there exists G^^H^ G 
0 [T — 1] such that 


Lp{s,xY) = 


GxiCip'' 


where This is a very important result for a number of reasons. 

For example, the right hand side of Equation (1.4) can now be expressed 
with a handful of power series. This allows one to study the growth of the 
class number of kn and k^ as n grows (see [5]). 

For clarity of exposition, we restrict ourselves to the following special case. 
Let kn = Q(Cp"+i)- We have the decomposition 


W xU = 

where W is the set of p — 1-st roots of unity in Zp and U = 1 +pZp. We write 
aa to denote the automorphism (pn+i i-A Cpn+i in Gn = Gal(A:„/Q). For any 
X G Zp, we write Sn{x) to denote the unique integer in the interval [0,p"'+^) 
satisfying Sn{x) = x modp”^^. Then Sn provides an onto morphism 


^ Gn 

X I—)• Cr^„(a;). 

Let 7n = G Gal(A:„/A:o) = F„, so we have 

Spn + l SpTi+l Spn + l 
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3.1. Stickelberger Elements. Let £ be a rational prime congruent to 
Imodp”"''^. Let r be a generator for Gsi\{kn{C,d/kn), and consider the 
Gauss sum 

e-i 

<;«(«) = 

6=1 

If A is a prime of kn above i, then for some integer c with (c, p) = 1, one 
shows that gn{^Y^‘" £ kn and 

where On is the group ring element 

pn+l 

^ aa-iGQ[Gal(fe„/Q)]. 

^ a=l 

(a,p)=l 

The factorization of gn{^) was originally of interest because of problems 
pertaining to reciprocity, but upon further inspection it’s quite peculiar. 
After all, if we change the prime i, the group ring element On still remains! 
This gestalt shift in viewing the factorization of the Gauss sums gn{^) leads 
us to 

Theorem 3.1 (Stickelberger). For any 13 G Z[G] such that I30n G ^[G], (for 
instance, let c G Z, sueh that (c, p) = 1 and take j3 = {c — ac)), we have that 
j30n annihilates the ideal class group of kn- 

This result allows us to investigate the class group of kn using an element 
that only depends on the conductor of kn- See [9] for more information on 
Stickelberger elements in the “minus-part”. 

3.2. p-adic L-functions. Let y be a non-trivial character of VL ~ Gal(A:o/Q), 
and let denote the idempotent 

Tw\ ^ 

' ' Cew 

Let On{x) £ QplLn] denote the x-component of the Stickelberger element 6*„; 
e^On = On{x)ex- We have 

P --1 / _ 

(^nix) = E ^ E 

a=0 Y (ew 

Lemma 3.2 (Iwasawa). The elements On{x) eoherent, i-e-, the sequence 
(Gnix)) belongs to QplTj. 

Proof- The elements On{x) are coherent if and only if the map 

p^{a + p^Zp) = Sn(C«“)x(C)"^ 

^ CGlE 
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forms a distribution. Note that 

+ ip” + ^ E (e»»+i(C'=“+‘’'")') x(()-\ 

i=o ^ CeiT \i=o / 

while 

= SniC^'") + So(a^n+l + Wo) 

where Xn+i (resp. yo) is the n + 1-st (resp. 0-th) coordinate in the p- 
adic expansion of (resp. C)- As i varies between 0 and p — 1, so does 
so(xn+i -b iyo), hence 

E,„+,(CK“+->'”) = d?^. 

i=0 

Since x / 1; it follows that 

p-i 

= ^^(a-bp”Zp). 

i=0 

This completes the proof of the lemma. □ 


Remark 3.3. If x / 1 is even, then 

^4{a + p^Zp) = Sn(-CK“)x(C)“^- 

But Sn{—x) = — Snix) which implies Pg{a + p'^’Lp) = —pg{a + p^Zp). 

So if X is even, then p^{a + p^'Zp) = 0 for all a. This shows us that in 
order to obtain interesting results, we must take x to be an odd character. 
Therefore, we assume x is odd for the remainder of this section. 


Now that we have a coherent sequence Onix) a matching distribution 
Pq we’d like to know what analytic functions come with them. But unfor¬ 
tunately, /Ug is generally an unbounded distribution. On the other hand, 
this distribution was born out of Stickelberger elements and we know how 
to integralize them. To boot, the integralizers 1 — ca^^ are, in fact, coherent 
themselves! This is a crucial observation. 

Let c be an integer not equal to ±1. Let 0n{Xc) denote x-component of 

(1 - caZ^)9n: 


^niXc) = 


p"-i 

E 

a=0 


-1 

f,n+l 






CelT 


where for every x £ Zp 

rn{x) 


Snjx) - Snjxc ^)c 
p-n+l 


G Z. 
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Usine; the Fourier transform and the fact that under this map 7 „ “ e-)■ T“ mod 
1-TP", we get 

pn_i 

Ff modp"+i 

a=0 CelE 


^ (5) 


6=1 

(6,p)=l 


where XX* = The last line follows from the fact that = 

Notice the change in parity; x* is an even character. 
The idea here is to try to take advantage of the following fact 


TITT E • X*o^-"^ib) = (1 - 

n—^oo D^-r^ ^^ 

^ 6=1 
(6,p)=l 


We use the congruence 

6 ™-Vn( 6 ) • x*a;-”^( 6 ) = 


{snibr - Snibc-^)^c'^) mod p" 


to obtain 






Taking limits we get 


^ 6™ • x*a;-"^(6) mod p" 


6=1 

(6,p)=l 




= Fp(l - m,x*)- 


1 - c™ • x*w-™(c) '' 

Choose c so that (c) = k. Then we have 

Theorem 3.4 (Iwasawa [4]). Let L^_iT) he the funetion defined by 

rx 


LUT) = 


1 - Kcx-^{c) -T' 


Then L^_{k^) = Lp{-s,x*)- 


Remark 3.5. So the p-adic L-function attached to x* (an even character) 
arises from the inverse limit of the x-parts (an odd character) of the classical 
Stickelberger elements On- Note that we can choose c so that 1 — kcx~^{c) - T 
is invertible (in Zp[r — 1]) if and only if x / w- So if x / a; (i.e., x* 1); 
we have L^_(T) G ZpjT — Ij and the isomorphisms 


Zp(r) Zpirj ^ ZpiT-ij 

{t4) {0{x)) (T^-(T))' 


(3.1) 
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This is a very satisfying result. Given Equations (1.1) and (1.4) and a 
host of other instances where L-functions appear to comment on algebraic 
structure, one wonders whether it’s all just a cosmic coincidence or if it’s 
a symptom of a deeper connection. This theorem points us towards the 
latter. In lieu of Theorem 3.1, one might even dare to hope that L^_{T) 
is essentially the characteristic of the Zp|r]] ~ Zp|T — Ij-module (im An 
where An denotes the p-part of the class group of kn- Miraculously, this is 
all true and proven by Mazur and Wiles [7]. 

Since L/^_ (T) annihilates Cy (im An, it follows that the twisted power series 
Lg_ (^) annihilates e^* ^im^+ where denotes the p-part of the class 
group of k^. Here’s why: consider the y;*-part of Xqo, the Galois group 
of the maximal abelian pro-p extension of Q(Cp°°)'*~ unramified outside p. 
Note that ey»Xoo contains ey»limH+ as a quotient, what’s more, e^*Xoo 
is isomorphic to the Kummer dual of the y-part of lirp But this latter 
module is essentially a twisted version of lim An from which we may derive 
the claimed annihilation. 

In the next section, we construct explicit annihilators of An for every 
level n > 0 in the vein of the classical Stickelberger theorem. We begin with 
an explicit element that could be considered a “real” Gauss sum, and we 
explain how the factorization of this element gives rise to annihilators of An ■ 
These are new and build upon our work in [1]. We then show that these 
annihilators can be induced to give rise to the aforementioned twisted p-adic 
L-functions in a manner that parallels Iwasawa’s work. This is interesting 
in its own right, but also indicates that these annihilators are, in a sense, 
full bodied. 


4. The Plus Side 


Let kn denote the maximal real subfield of kn, and associate T^ with 
Gal(A:+/A:(]'). For every positive integer n, we let 


6n{T) 


_ rp 

Spn+1 


Cpn+l — T 


where p is a primitive root mod p. We write Sn for (5n(l), Kn for Qp(Cp"+i)) 
and On for 'Lp[Qpn+i\, the valuation integers of Kn- 


4.1. Stickelberger Elements. Let £ be a rational prime congruent to 
Imodp’^"''^, and let r be a generator for G8l{kn {Ct)/^n)■ Consider the 
“Gauss sum” 

£-1 

6=1 

where 

Kh = \ + T + ■ ■ ■ + Z[Gal(kn {Ci)/kn)]- 

The following lemma explains why we call this a Gauss sum. 
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Lemma 4.1. The element gn{(-) is non-zero for some choice of Q- What’s 
more, we have SniCe) ■ = 9n(^)- 

Proof. Let Q = . Let B be the {i — 1) x {i — l)-matrix 

■ 1 1 ••• 1 ■ 

AT AT^“^ 

B= : . . 

.e-2 Ai-2)T Ai-2y-^ 

L‘5^ J 

Now let A be the matrix B with the first row removed. Since det 5 7 ^ 0, it 
follows that dimker^ = 1. In fact, kervl is the span of the column vector 


■ 1-0 ■ 




, so H • 


.1-cr. 


-1 

1 

_ 1 


= 0 implies that 5niCi) 


1-CJ 

1-C/ 


Now, using the fact that Ni, ■ t = A^fe+i — 1, we see that 


Since + A^i where N is the norm, and 5n{Ce)^ = 1 (see [1, Theorem 

3.1]) , our lemma follows. □ 

Remark 4.2. Note that if one replaces with /c„ and 5n{Ct) with Cp"+D 
then we obtain the classical Gauss sum 

The fact that (•!’)) is what Hilbert would call an “ambiguous” ideal 
is what enables its factorization to illuminate ideal relations; much like the 
classical Gauss sum gn{t}. Unlike the classical case, the part of the factor¬ 
ization of gf^ (i) that depends on i is much more difficult to isolate. 

Toward that end, let a : —)■ Zp[Gal(/c^/Q)] be a Galois module map 

where denotes the units of and fix an ideal class c in the Sylow p- 
subgroup of £(A:+), the ideal class group. For every integer m > n, let am{x) 
denote the group ring element of Z[Gal(/c^/Q)] arrived at by applying the 
map Sm to the coefficients of a(x). Then there exists a rational integer 
£ = 1 mod p™' and a prime ideal X \ £ of kf^, such that 

{N{g+{£)f) = 

where b is some integral ideal, A G c, and a is, for lack of a better word, 
a “fudge-factor”. It follows that a{5n) annihilates ( 8 > Zp. In fact, 

it’s shown in [1, Theorem 3.8] that if a : Ef^ —)■ o„[Gal(/c^)/Q] is a Galois 
module map, then a{5n) annihilates £(A:+) ( 8 > o„. These ideas find their 
beginnings in a paper of Thaine [11] (see also [ 8 ]). 
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So all we need for a Stickelberger-esque theorem in this setting is an 
explicit map a to complete the recipe. Consider the map 

a : —>■ i^„,[Gal(A:n/Q)] 

pn+l 

a=l 

{a,p)=l 

where log^ is the Iwasawa logarithm. Let Wn C denote the roots of unity 
of kn contained in the units of A:„, respectively. Since En = WnE^, it follows 
that a{En) = a{E^). We let o„[Gal(A:„/Q)] act on any o„[Gal(/c^/Q)]- 
module by restriction. Let 0^ = oi{5n)- The element 0^ is a handsome 
analog of the classical Stickelberger element: 


Theorem 4.3 ( [1, Theorem 1.1]). For any (3 G iLn[Gal(/c„/Q)] such that 
j3 ■ a{En) = (3 ■ a(T'n) *-5 contained in o„[Gal(A:,i/Q)], we have that l3Qri 
annihilates ^{k^) (8> o^. 


4.2. p-adic L-functions. Now, let y; 7^ 1- Let &n{x) £ Kn[33n] denote the 
X-component of the real Stickelberger element 0^. Note that 


p^-i 

= I] E 

a=0 C^(^W/±1 


( 5 ; 


■°'s„(CK“)+'^Sn(-CK“) ' 




a 


30 


7““. 

In 


So if X is odd, then 0n(x) = 0. So we can only get interesting results if x 
is an even character in this setting. Therefore we assume x is even for the 
remainder of this section. In this case, we have 

p"-i / 

0n(x) = {x{9)ln - 1) X] X] “ Cpn+Ox'HC) 

a =0 \CgIT 



Lemma 4.4. The elements 0n(x) ^xe coherent, i.e., the sequenee (0n(x)) 
belongs to Cp|r]. 


Proof. The elements 0n(x) sire coherent if and only if the map 

M{a + p^Zp) = ^ logp (1 - Cp^„ti)x"'(C) 

Ceiv 

forms a distribution since the sequence {x{g)ln — 1) is coherent. Since 
^a+ip^ = K*(l + mod we have 


p-i 


p-i 


M{a + ip^ + p”+^Zp) = ^ X ^iOY (1 - C 


x(C)k' 

,n + 2 


a-\-ip 


i=0 


CelT 


i=0 


p-i 


Ceiv 


i=0 
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Applying the relation 

p-i 

(4.1) n “ y^p) - y^’ 

i=0 

we get that M is a distribution, as claimed. □ 


Now, 0n(x) is a coherent sequence and consequently we have a distri¬ 
bution /Uq, but as in the classical setting, is an unbounded distribution. 
What we need now is a collection of elements j3n(x) £ that integralize 

the elements Qnix)l something akin to 1 —ccj“^. For a fixed rj G W, consider 

p"-i / 

Vnix) = X] {v - Cpnli)x~\C) 

a=0 \CGl^ 

Since 77 ^ = rj, the same proof that shows Qn{x) coherent also shows that 
Vnix) coherent. The element Vn{x) has an inverse in Ar„[r„], say finix)-, 
if and only if the V’-part of Vn(x) is non-zero for every GTn- Specifically, 
let denote the idempotent 

^ a=0 

Let Vnixi’) £ Kn such that e^Vn{x) = 'fJn{x'^)^ip- We have 




where Cip = ip ^{k). So if for all ip G Tn we have v{xip) 0, then j3n{x) 
exists. In particular, we have 


/5n(x) = 








i(xV’) 


p"-i 

E 

a=0 


V’(k" 


1- Y _ 

n 


7n“- 


Let gPp be the associated distribution. The convolution 77 ^ * 77 ^ evaluated at 
a + p^'^p is 


(- E 

1 pn 

\ V’GW 


C 


b—a 




p"-i 

E Pek + pY 

b=0 

Recollecting terms we arrive at 

(4.2) /3n(x)0n(x) - E I „n E 4 ' f du^(x) 

a=o \P Jz,C^h77„(x) 


7„ 


We write i?n(x) for Pn{x)®n{x) and 77 ^ for the associated distribution. For 
any choice of p (including p = 1) and any choice of c G , it’s straight¬ 
forward to verify that 77 ^ is inert under cjc. So 77 ^ is Qp-valued. In fact. 
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as we shall see, is Zp-valued so Equation (4.2) describes an explicit and 
coherent sequence of annihilators in Zp|r] of £(A;+) (8> Zp. 


Proposition 4.5. For some choice of p—1-st root of unity rj, the distribution 
is Ijp-valued. 


Proof. Let Un denote the principal units of and Cn the topological closure 
of the principal circular units of kn in Un- There is a choice of r] such that 


Un 


( v - Cp"+i \ 
Vw(r/- 1 ) J 


is a Zp[r„] generator for e^Un (see [3,12]). What’s more, the element 
„ _ f ^(i-g«^)/2 V+i 




^P^i+l 1 


is a Zp[r„] generator for e^Cn (see [9] for more on circular units). The 
definition for a extends to a map A : — )■ Kn\Fn\ defined in exactly the 

same way. Since T is a Galois map and logp vanishes at roots of unity, it 
follows that A{un) = Vnix) and 


2 l(Cn) = {p- l)0n(x)- 

Let Unix) £ '^p\Fn] such that Un = Cn- Then 

^n{x)Vn{x) = 0 n(x)- 


Note that 


r,n + l 


d^e(a;) = (x( 5')4^ - 1) • logp (l - Cpn+i)xV’(a) Vo 


a=l 

(a,p)=l 


since X / 1 and Lp(l,y;V’) / 0- So it must be that 

[ ^ 0 , 

J Zp 

Hence Vn{x) is invertible in iX„[r„]. This gives us 

/3n(x)0n(x) = dn(x) ^ "^pi^n], 

as desired. 


□ 


As noted before, this gives us the following 

Corollary 4.6. The sequence (i?n(x)) iu Zp|r„]] is such that i?n(x) anni¬ 
hilates Cy- ■ (8> Zp). 

Now, let denote the power series in Zp|X] obtained from (i?n(x)) 
through the Iwasawa transform. Iwasawa [3] (see also [12, Theorem 13.56]) 
showed that there exists S{X) G Zp|A]]^ such that 

- 1 ) 

S{k^ - 1 ) 


Tp(l - s,x)- 
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Let (?n) £ ^p[rl such that I<;{X) = S{X). Then 


Lp{l - s,x) 


IdX) 


A = k '>-1 


F^jT) 

FdT) 


T=k-‘ 


This gives us the following 


Theorem 4.7. Let L^^iT) be the function defined by 


LU^) = 


F^{T) 
FfiT) • 


Then L'^+{k *) = Lp(l - s,x)- 


Remark 4.8. So the p-adic L-function attached to x (an even character) 
arises from the inverse limit of the x-parts of the real Stickelberger elements 
dn- As before, for x / 1 , we have Lg_j.(T) G Zp|T— 1] and the isomorphisms 


Zp(r) _ z^ri _ ZpjT - II 

M) (Mx)) (iJAT)) ■ 


5. Comparison 

Let X be an odd character not equal to co, so x* / 1- From Equations (3.1) 
and (4.3) we get the following theorem. 

Theorem 5.1. For all s G Zp, we have 

L^_{k-^) = Lp{s,x*) = 

Consider the map i : Zp|T — Ij —)■ Zp|T — 1] defined by 

The map l is well-defined since ^ G 1 + (p, T — 1), what’s more, i is an 
involution. Hence, i is an automorphism of Zp|T — Ij. This gives us the 
following 

Corollary 5.2. IFe have the following equality of power series: 

=L^;(T)GZplT-ll. 

Proof. This follows immediately from the fact that L^_{1/{kT)) — Lg+(T) 
vanishes on a neighborhood of 1 and the Weierstrass preparation theorem 
in Zp|T — Ij. □ 

The elements Ofi{x*), the sequence of group ring elements corresponding 
to L^^(T), are of interest for the following reason. 

Proposition 5.3. For every non-negative integer n, the elements Ofi{x*) 
annihilate e^* (8> Zp). 
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Proof. From Corollary 4.6, we know that annihilates e^* 0 Zp). 

Since F<;{T) is an invertible power series in Zp|T— Ij, it follows that ? = (?n) 
is invertible in Zp|r]]. So is invertible. It follows that if 

annihilates e^* (Cl(/c+) (8> Zp), then so must '&n{x*) ' ?n ^ (x*)- ^ 

-w * 

Using Theorem 5.1, we can derive an explicit expression for which, 
in turn, gives an explicit expression for Before giving this formula, 

we describe a little notation. Let la+p^^Zpix) denote the indicator function 
for a + p'^Zp] la+p^Zpix) = 1 if x G a + p"'Zp and 0 otherwise. For any 
distribution p G Zp{T), and any continuous function /, we define 


/ fix) dp{x) = / la+p^Zpix)fix) dpix). 

J a+p'^'Lp JIap 

For any constant b G Zp, the distribution po b is defined by 
{p o b){a + p^-Zp) = p{ab + p'^Zp). 

We write d^(6x) for dip o 6)(x). 

-y/ * 

Theorem 5.4. The distribution Pp+ is given by 

p^+ia + p'^Zp) = I dp^_i-x). 

J a+p^Zp 

Proof. We compute the Fourier transform of the measure given in the the¬ 
orem. Note that 

r r 

/ dpf+ix) = lim V T“ / d^^_(-x) 

Jlp Ja+p^Zp 

p"-l 

= lim V(kT)“ / dpj.i-x). 

Ja+p^Zp 

Consider the integral in the expression above. Let 6 G a + p'^Zp and write 
b = a + cp^ where c G Zp. For any c, we have = 1 + CnP^^^ for some 
Cn G Zp. It follows that 
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The theorem now follows from Theorem 5.1. 


□ 


Remark 5.5. Written out explicitly we have 

pm—n_^ 


+ p^Zp) = lim ^ 


-1 


c=0 


P 


,n+l 




—a—cp 


)x(C) 


-1 


CelE 


We summarize what we’ve shown in the following theorem. 
Theorem 5.6. Let ^ be an odd character and x* = X~^^- Then 

(G:(fe+) ® = 0 = e^. (G:(fe+) ® 


The annihilators above are explicitly described in the following table along 
with their isomorphic images in ZplT — Ij and Zp{T): 


Z^T-ll 

Zp{T) 


TUT) 

„n+l I] ^n(C«“)x(C) ^ 

^ Ceiv 

p"-i 

a=0 


= 6n (X) 

F,{T)L^liT) 

1 y- .-a 

p"-l 

pI* {a + 

a=0 

'- V -' 

= ^n{x*) 

=M^(a+p"Zp) 

LfAT) 

[ nf" (lpl_{-x) 

J a+p^Zp 

'- V -' 

Aig+(«+P"Zp) 

p"-l 

Y ^0+ “ 

a=0 

'- V -' 

dt(xA 


Moreover, we have 


The expressions for 6if{x*) and 'dn(x*) are interesting as they may shed 
some new light on the quality of ^{kif) 0 Zp. Can Ofi{x*) be made more 
explicit? And what about ^nix*)- la a recent paper [ 2 ], Waller and the 
author showed that although the distributions /Xq and pi are unbounded 
in value they nonetheless form C^{Zp) functionals through Volkenborn inte- 
gration. In fact, the Fourier transform of interpolates the kind of Gauss 
sums that appear in formulas for Lp{l,x*)- Can they be used to shed light 
on the nature of 'dn(x*)? We hope to address these questions in the future. 
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